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Question 1 [10 marks} 


(a) State the principle of mathematical induction. Use the mathematical induction to 


show that 1+3+...+(2n—1) =n?. 


(b) Give the definition of relatively prime numbers (coprimes). Find all positive integers 


less than 10 that are relatively prime to 10. 
Question 2 [10 marks} 


(a) Use the Euclidean algorithm to find the greatest common divisor of 68 and 102, and 


write it in the form 68x + 102y where x and y are integers. 


(b) Determine, for each of the following linear Diophantine equations, whether there are 


solutions and find all solutions if they exist. 


(i) 68a + 102y = 17: 


(ii) 68a + 102y = 136. 


Question 3 [10 marks} 


(a) Show that 2167°!° + 1 is divisible by 31. 


(b) Determine, for each of the following linear congruences, whether there are solutions 


and find all solutions if they exist. 


i) 5a = 1 (mod 10), ii) 32 = 2 (mod 7), iii) 32 = 9 (mod 12). 


Question 4 [10 marks| 


Solve the system of linear congruences and check your solutions 


x = 2 (mod 3) 
x = 83(mod 5) 
x = 1 (mod 7). 
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Question 5 [10 marks| 


(a) State Wilson’s Theorem for a prime p. Illustrate the proof of the Wilson’s Theorem 
with p= 7. 


(b) Define the Euler phi function, ¢(n). Find ¢(81). 


Question 6 [10 marks| 


(a) Define ord,,a. Find ord,,(m — 1) for m = 2 and for m > 2. 


(b) Find the order of the integers 2, 3 and 5 modulo 19. 


Question 7 [10 marks} 


(a) Define the notion of a primitive root modulo m and show that 8 has no primitive 


roots. 


(b) Define the notion of the index of a to the base r modulo m, ind,a (modm). Write 


the table of indices for the primitive root 3 modulo 7, ind3a (mod7). 


Question 8 [10 marks| 
le Ceitort a ee 5 
(a) State Euler’s Criterion. Use Euler’s Criterion to evaluate ak Determine whether 
there is any solution to the congruence equation x? = 5 (mod 7). 


(b) Show that if n is an Euler pseudoprime to the bases a and b, then it is an Euler 


pseudoprime to the base ab. 


Question 9 [10 marks} 


(a) Let x, y, z be a primitive Pythagorean triple (with y even). Show that z = 1 (mod 4) 
and that exactly one of x, y is divisible by 3. 


(b) Prove that if n = 3 (mod4) then n cannot be written as the sum of two squares. 
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